WIENER-HOPF OPERATORS ON SPACES OF FUNCTIONS ON M+ 
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Abstract. A Wiener- Hopf operator on a Banach space of functions on IR + is a bounded 
operator T such that P + S- a TS a = T, a > 0, where S a is the operator of translation by 
a. We obtain a representation theorem for the Wiener-Hopf operators on a large class of 
functions on M + with values in a separable Hilbert space. 
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1. Introduction 

This paper deals with Wiener-Hopf operators on Banach spaces of functions on IR + with 
values in a separable Hilbert space H. Let E be a Banach space of functions on IR + such 
that E C Lj oc (M> + ). For a > 0, define the operator 

S a '■ E ► Ll c (R + ), 

by the formula (S a f)(x) = f(x — a), for almost every x G [a, +oo[ and (S a f)(x) = 0, for 
x G [0, a{. For a > 0, introduce 

S^ a : £ — LL(M + ), 

defined by the formula (S , _ a /)(x) = f(x + a), for almost every x G M + . Notice that S- a S a = I 
but S a S- a 7^ /. /From now, we suppose that S a E C -E and S- a E C £, Va G 1R + . The 
Wiener-Hopf operators on E are the bounded operators 

T : E — > E 



S- a TS a = T, Va G I 
P + : LL(M) — LL( 



satisfying 

Denote by P + the operator 
defined by 

{P + f){x) = f(x), a.e. onR + . 

The Wiener-Hopf operators which appear in theory of the signal and in control theory have 
been studied in a lot of papers. The problem we deal here is the existence of a symbol for 
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operators of this type. It is well-known that if T is a Wiener- Hopf operator on L 2 (IR + ) there 
exists h G L°°(R) such that 

Tf = P+F-^hf), V/ G L 2 (R + ). 

Here T denotes the usual Fourier transformation from L 2 (IR) into L 2 (IR). The function h is 
called the symbol of T. Despite of the extensive literature related to Wiener-Hopf opera- 
tors, there are not analogous representation theorem for Wiener-Hopf operators on general 
Banach spaces of functions even if the functions are with values in C. Here we develop 
a theory of the existence of a L°° symbol for every Wiener-Hopf operator in a very large 
class of spaces of functions on R + with values in a separable Hilbert space. Moreover, we 
obtain a caracterisation of spec(Si) PI (spec(S^i))^ 1 . The determination of the spectrum of 
a translation operator is an open question in general spaces of functions on R + and it plays 
an important role in the scattering theory. We are motivated by the results of [5] proving 
the existence of a symbol for every Wiener-Hopf operator on a weighted space L 2 (R + ) (see 
Example 1 for the definition). On the other hand, the methods exposed in j6] and [2] show 
that the existence of the symbol of a multiplier (a bounded operator commuting with the 
translations) on spaces of scalar functions on R implies an analogous result for the multipliers 
on a space of functions on R with values in an Hilbert space. The arguments in [B] and [2] 
have been based on the link between the scalar and the vector-valued cases. However the 
results concerning the symbol of a multiplier do not imply analogous results about Wiener- 
Hopf operator in the general case. It is well-known that for every Wiener-Hopf operator T 
on L 2 (IR + ), there exists a multiplier M on L 2 (M) such that P + M = T. Unfortunaly, a such 
result is not known even for Wiener-Hopf operators on a weighed space L 2 (IR + ). Despite 
some progress (see [2], [6]) in the study of the symbol of a multiplier on a space of functions 
on R with values in a Hilbert space, the analogous problem for Wiener-Hopf operators has 
been very few considered. Moreover, even in the case of the weighted spaces of functions on 
]R + with values in a Hilbert space the existence of the symbol of a Wiener-Hopf operator was 
an open problem still now. First in Section 2, we improve the results of [5] concerning the 
existence of the symbol of a Wiener-Hopf operator on L 2 (M + ) replacing L 2 (R + ) by a general 
Banach space of functions on R + satisfying only three natural hypothesis given below. Next 
following the methods of [6] and [2] and using the results of Section 2, we obtain the existence 
of the symbol of a Wiener-Hopf operator on a very large class of spaces of functions on R + 
with values in a separable Hilbert space. In Section 4 we explain how the setup considered 
here can by extended in several directions. 

Let E be a Banach space of functions on R + with values in C satisfying the following 
three hypothesis. 

(HI) We have C C °°(IR + ) C E C Lj oc (R + ), the inclusions are continuous and C~(R + ) is dense 
in E. 

(H2) For every x G R, S X E = E and sup xeK \\S X \\ < +oo, for every compact K of R. 
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(H3) For all a G R, the operator T a defined by 

(VJ)(x) = e iax f(x), a.e.,VfeE 

is bounded on E and 

sup ||r a || < +00. 

Notice that (H3) is trivial, if we have ||/|| = |/| in E. Let C%{R + ) be the space of 

C°° functions with a compact support included in K. For simplicity, we will write S instead 
of S\. Since the norm of / given by sup aeR ||r a /|| is equivalent to the norm of E, we will 
assume from now that r a is an isometry for every aGi Denote by p(A) the spectral radius 
of a bounded operator A. Set 

I E = [- ha. p(S -1), In p(S)] 

and 



jz G C, Imz G 



For / G E, denote by (f) a the function defined by (f) a (x) = e ax f(x), a.e. on IR + . In Section 
2 we obtain the following result which generalizes Theorem 1 in [5]. 

Theorem 1. Let T G W(E). 

1) For every a G I E we have (Tf) a G L 2 (R + ), for f G C C 00 (M + ). 

2) For every a G Ie there exists a function v a G L°°(R) such that 

(Tf) a = P + ^-\v a (f) a ) 1 for f G C? (R + ) 
and we have ||f ||oo — CH^IIj where C is a constant dependent only on E. 

o o 

3^ Moreover, if Ie 7^ (i.e. > < p(S)), there exists a function v G H^^Ue) such that for 

o 

every a G Ie we have 

v(x + ia) = u a (x), almost everywhere on R. 

o 

Definition 1. If Ie 7^ 0, v is called the symbol ofT, and if Ie = then v a is the symbol 
ofT. 

Using Theorem 1, we also obtain the following spectral result. 
Theorem 2. We have 

spec(S) n (speedy* = [z G C, < \z\ < p(S)}. 

This result is new even in the case of the spaces L^(IR + ). In particular, we conclude that 
if p(S) > ^ the spectrum of S contains a disk. The proof of Theorem 2 is based on the 
existence of a symbol for every Wiener-Hopf operator and the construction of suitable cut-off 
function / G C^°(IR + ). This application was one of the motivations to search a symbol of a 
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Wiener-Hopf operator. Moreover, we extent below the same result for operators with values 
in a Hilbert space (see Theorem 4). 

The main result of this paper is an analogous result for Wiener-Hopf operators on spaces 
of functions on IR + with values in a separable Hilbert space. Denote by < u, v > the scalar 
product of u, v G H and let \\u\\h be the norm of u G H. Denote by L} oc (R, + , H) the space 
of functions 

F : R+ — ► H 

such that 

(r+9x — ||F(x)||h) GLJ W (R+). 

Let C(H) be the space of bounded operators on H. Introduce the vector space C£°(R + ) ® if 
generated by fu for / G C£°(M + ) and u G H. Denote by C (IR + , H) the Banach space of all 
norm continuous functions 

$ : R+ — ► H 



such that for every e > 0, there exists a compact set K e such that 

\\$(x)\\ H = 0, Vx G R + \K e . 

Let E be a Banach space of functions on IR + with values in C satisfying (HI), (H2) and 
(H3). Denote by E the Banach space of functions 

F :R + — ► H 

such that 

(R + 3x — ► \\F(x)\\ H ^ G E. 

We will see in Section 3 that C^°(M + ) ® H is dense in E 1 . For illustration, we give below 
some examples. 

Example 1. Let E = L v w (M + ), where u is a weight on IR + and p G [1, +oo[. We recall 
that w is a weight on IR + if cj is a non-negative measurable function on IR + such that for all 

y e 



and 



< sup v - " ! < +oo 

xeR + UJ{X) 

< sup . , < +oo. 
xGR + uj{x + y) 



The space L P U {R + ) is the set of measurable functions / from IR + into C such that 

\f(x)\ P Uj(x) P dx < +00, 



4 



equipped with the norm 

\f{x)\ P Uj(x) P dxY . 



It is easy to see that L P J (M. + ) satisfies the hypothesis (HI), (H2) and (H3). For the study of 
the Wiener-Hopf operators on the reader may consult [5]. The space E associated 

to L^,(IR + ) is the space usually denoted by L£,(IR + , H) of functions 

F :R + — > H 

such that 

\\F{x)\\ p H u{x) p dx < +00. 



Example 2. Let A be a real- valued continuous function on [0, +00 [, such that A(0) = 



m 

y 

measurable functions on IR + such that 



and let — be non-decreasing for y > 0. Let L^R -1- ) be the set of all complex- valued, 



Jr+ v * / 



for some positive number t and let 



m n /-;>0 / A[ \dr< I 



for / e L j 4(IR + ). Then L^IR" 1- ) is a Banach space called a Birnbaum-Orlicz space (see [T]). 
It is easy to check that L^IR" 1 ") satisfies (HI), (H2) and (H3). If E = La(R + ), the associated 
space E is the set La{R + ,H) of measurable functions 

F :R + — ► H 

such that for some t > 0, we have 

Example 3. Let A be a function satisfying the properties described in Example 2. Let 
a; be a weight on M + . Define La w (R + ) as the space of measurable functions on M + such that 



f A (^^)uj(x)dx < +00, 



for some positive number t and let 



inf|t>0| J A(^^juj(x)dx < l} 



for / G L A ^(R + ). Then L AtU) (R. + ) is a Banach space called a weighted Orlicz space. It is 
easy to check that L A ^(R + ) satisfies (HI), (H2) and (H3). If E — L A ^(R. + ), the associated 
space E is the set L A ^(R + , H) of measurable functions 



F:R + — > H 

such that for some t > 0, 

f A ^H ^dx < +oo. 
For a > 0, we define the operators 

S a : # — >■ ~E 

and 
by 

(S a F)(x) = F(x — a), a.e. on [a, +oo[, 
(S o F)(x) = 0, Vxe[0,a[, 
(S_ a F)(x) = F(x + a), a.e. onM+. 
For simplicity, we will write S instead of Si. For F e E, we denote by \\F\\ H the function 

:R + 3x — ► \\F(x)\\ H G C. 
For fixed a G R, we see that for F £ E, F ^ 0, we have 

||S a -F|| H-S'odl-^llfl-) II ^ no ii 

~PT~ 1111*11*11 " 

We conclude that S a is bounded and ||S a || < \\S a \\. If ||/|| = || |/| ||, for every / G E, 
obviously we get ||S a || = \\S a \\. Introduce the operator 

P + :L} oc (R,H)^LU^ + ,H) 

defined by the formula 

(P + F)(x) = F(x), a.e. onl + . 

Definition 2. We call a Wiener-Hopf operator on E every bounded operator T on E such 
that 

T$ = S_ a TS a $, Va > 0, V$ G E. 
Denote by W(E) the set of the Wiener-Hopf operators on E. 

The main result of this paper is the following. 
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Theorem 3. Let E be a Banach space satyisfing (HI), (H2) and (H3). Let T G W(E). 

1 ) We have (T$) a G L 2 (R + , H), V$ G C C °°(M + ) ® Va G I E . 

2) There exists V a G L°°(R, £(#)) swc/i that 

(T$) a = P+r 1 ^^.)^^.)]), Va G I B , V$ G C 6 °°(M + ) ® if. 
Moreover, ess sup xgR ||V a (x)|| < C||T||, where C is a constant dependent only on E. 

3) IfU E ^Q, set 

o 

V(x + ia) = V a (x), Va G I E , for almost every iGl. 
T/ien /or u, v & H , the function 

z — >< it, V(z)M > 
is in H°°(U E ) and sup „ \\V(z)\\ < CIlTll. 

Remark 1. VFe wra// see later that p(S) = p(5*) ; p(S_i) = p(S-i) and 
I E = [- hi p{S^), In p(S)} = [-lnp(S_ 1 ),lnp(S)]. 
We also obtain the following. 
Theorem 4. We have 

spec(S) n (speciS-S)' 1 = {z G C, -J-y < |*| < p(S)}. 

The spectral cracterisation in Therorem 4 has not been known until now even in particular 
cases when E is a weighted L p space with a simple weight. 



2. WlENER-HOPF OPERATORS ON BANACH SPACES OF SCALAR FUNCTIONS ON R + 

In this section, we prove Theorem 1. We follow the arguments of [5] in our more general 
case. For the reader convenience we give the details of the steps which need some modi- 
fications. First, we show that every Wiener- Hopf operator is associated to a distribution. 
Denote by C^°(]R + ) the space of functions of C°°(R) with support in ]0, +oo[. Set 

^(R) = {fe L 2 (R) | f G L 2 (R)}, 

the derivative of / G L 2 (IR) being computed in the sense of distributions. 

Lemma 1. IfTe W{E) and f G C£?(R + ), then (Tf)' = T(f'). 
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Proof. Let / G C^(M + ) and let (h n ) n > C 1 be a sequence converging to 0. Since 
h " h converges to /' with respect to the topology of C|?(IR + ), hn h converges to /' with 
respect to the topology of E. Then we have 

T(f')(x)(j)(x)dx = f t( lim hn ^ — — \ (x)(j)(x)dx 
Jr+ \n-*+oo h n J 

lim ( hnT {~ T ) (x)(j)(x)dx = / (Tf)(x)4>'(x)dx, V</> G C£°(IR + ). 

n-»+oo \ h n J ' J K + 

Consequentelly, T(f') = (Tf)' in the sense of distributions. □ 

Proposition 1. If T is a Wiener- H op f operator, then there exists a distribution jj,T of order 
1 such that 

Tf = P + (fi T *f), 

for f G C C 00 (M+). 

The proof of Proposition 1 follows the arguments of that of Theorem 2 in |5] and we omit 
it. We just give the definition of fix- We have 

<^T,f>= lim (TS x f)(x), 

x— >+oo 

for / G C 6 °°(M), where / is the function defined by f{x) = f(-x), for / G C£°(R), xGl 
Definition 3. //</> G C£°(R) ; we denote by the Wiener- Hopf operator such that 

T^ = P + (0*/), V/eC c °°(K + ). 
Proposition 2. If T £ W(E), then there exists a sequence (4> n )nen C C£°(M + ) suc/i t/iat 



lim ||^ n /-T/||=0,V/GE 

n— >+oo 

and 

||%||<C||T||,VnGN, 
where C is a constant depending only on E. 

Proof. The proof follows the idea of the proof of Theorem 3 in [5], but here we must 
work with Bochner integrals and this leads to some difficulties. For the conviviance of the 
reader we give the details. Let T G W(E) and set T{t) = T t o T o r_ t , Vt G K. For a > 0, 
and / G E we have 

(S- a T(t)S a f)(x) = (T(t)S a f)(x + a) 
= e it{x+a) (T(f(s - a)e~ lts )^ (x + a) 

= e Ux [s. a T^f{s - a)e-^ fl )))(x) 
= e Ux (S- a TS a (r_ t f))(x) = (T(t)f)(x), a.e. 



This shows that T(t) G W(E). Moreover, we have \\T(t)\\ = ||T||, for t G R and T(0) = T. 
The application T is continuous from R into For n 6 N, G 1, x 6 1, set 

:= (l - ^ )x[-„,n]0?) 

and 

. 1 — cosinx) 

ln(x) = . 

irx z n 

We have 7^(77) = g n iji)i £ ^> Vn G N. Clearly, ||7 n ||i,i = 1 for all n and 



lim / 'y n (x)dx = 0, Va > 0. 

n ^ +co J\x\>a 



Set F n := (T * 7„)(0). Then for / G E we obtain 

lim ||y n /-T/||=0. 

n— >+oo 

We claim that for / G C£?(1R + ), we have 

(y„/)(y) = f (T(x)f)(y) ln (-x)dx, \/y G R + (2.1) 



^From Lemma 1, we know that for fixed x G M. the function 

R + 3 y — (T(x)f)(y) 
is Let K be a compact subset of 1R + and let if) G C£?(IR + ). We see that 

\if;(y)(T(x)f)(y)\ = |V(y)(A*r*r_.(/))(y)| = |^(y) < /x Ti ,, /(* - y) e - fa ^ > | 

< c^lMWII^r-*/ IU + WiSyT^fyw^ 
<C(fi)U\U\\f Woe + \\f\U,VyeK . 

Consequently, 

/ \\if)T(x)f\\ 00 ^f n (-x)dx < +oo 

JR 

and hence the integral 

/ ip(T(x)f)j n (-x)dx 

JR 

is a well-defined Bochner integral with values in C^?(1R + ). The map 

C% (R + ) 3 g — > g(x) G C, 

is a continuous linear form for every a; G M + . Since Bochner integrals commute with contin- 
uous linear forms (see [3]) we have 

if>(y)(YJ)(y) = if;(y) [ (T(x)f)(y) ln (-x)dx, My G R + 

Jr 
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and the claim (12.11) is proved. 
It is clear that 



\\Y n f\\< / ||T(x)/|| 7B (-x)cfa<||r(x)||||/||,V/GS. 
Jr 

Since ||T(x)|| = ||T||, we get ||Y n || < ||T||, \/n G N. 

Now consider the distribution associated to Y n . Let K be a compact subset of K and 
let zk > 1 be such that K c] — oo, Zk[- Choose g G C£°(K + ) such that g is positive, 
supp<? C - l,z K + 1] and s(^) = 1. For / G C£(K), we have gT(S ZK (fg n )) G tf^R) 
and it follows from Sobolev's lemma (see |7J) that 

\{TS ZK {Jg n )){z K )\ = \g(z K )(TS ZK (fg n ))(z K )\ 

< C(( [ g{yf\{TS ZK Cf9n){y)\ 2 dy) h + ( / I {g{TS ZK (jg n ))'{y) \ 2 dy\ , 

where C > is a constant. Taking into account (HI), T may be considered as a bounded 
operator from C£°(R + ) into Lj oc (M. + ) and we have 

\{TS ZK {fg n )){z K )\ 

< C7(J0l|r||(||/^||oe + IK/^yiloo) 

< c'W(ii/iioo + uriioo), 

where C(K) and C(K) are constants depending only on K. Therefore 

\(TS z (fg n ))(z)\ < C^dl/IU + ll/IU), > V/ G C£(R) 
and we conclude that \iTg n defined by 

< f*T9n,f >= lim (TS z {fg n )){z) 

z— >+oo 

is a distribution of order 1. On the other hand, we have 

(Y n f)(y)= [(T(-s)f)(y) ln (s)ds= [ e- ts y(T(T s f))(y) ln (s)ds 



= / < /xt,x, f(y - x)e isx > 7„(s)ds =< fi T ,xJ(y-x) j n (s)e isx ds > 
Jr Jr 

=< f{y - x)g n {x) >= (fi T g n * f)(y),Vy > 0, V/ G C C °°(M+). 

Finally, we obtain 

Y n f = P + {a T g n * /), V/ G C c °° (M + ), Vn G N. 

Since supp HtQu G [— n, n], it is sufficient to obtain the Proposition 2 for T G W{E) such that 
Ht is a distribution with compact support. Without lost of generality we assume that 
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is with compact support. Let (# n ) neN C C£°(R + ) be a sequence such that supp#„ C [0, 

> o, 

lim / 9 n (x)dx = 0, Va > 

n-+oo 

and H^nlU 1 = 1, for n G N. For / 6 E we have 



lim ||0 n */-/|| = O. 

n^+oo 



Set 



T n f = T(8 n *f), VfeE. 
We conclude that (T„) ne N converges to T with respect to the strong operator topology and 
T n = T 0n , where <p n = fi T * On G C C °°(M + ). For / G E, we have 



|r„/|| = 



6n(y)Sy(ii T * f)dy) 

< I 9 n (y)P + (nT*S y f)dy 
Jo 

< 9 n (y)\\T\\\\Sy\\\\f\\dy, V/gC(1 + ). 
Jo 

Then we obtain 

||T„||< (^J" 0n(y)\\Sy\\ dy^j \\T\\, VneN 
and this completes the proof of the proposition. □ 

We need also the following lemma. 
Lemma 2. For every <fi G C£°(M + ), we have 

\4>{a)\ < IM, v «e U E . (2.2) 

Proof. We use the fact that for a bounded operator A on E, there exists a sequence 
(in)neN C E such that: 

lim \\Af n - p(A)f n \\ = and ||/ n || = 1, Vn G N. (2.3) 
Fix A = p(S'). Let (/ n ,i)neN be a sequence of E such that 



and 

For p G N*, observe that 



lim \\Sf n>1 -p(S)f n>1 \\=0 

n-++oo 



II /n, ill = 1, Vn G N. 



A? = p(Si). 



n 



Let (/ i )„ e N C E be a sequence such that 

' Tl 



lim 

n— >+oo 



Sif i-p(Si)f i 

r> ' n n ' n 



and 



1, Vn G N. 



Notice that for all q G N*, such that g < p we have: 



1 e! 



<7 ' T)! ' T) Tl ' T) 3 T) 



*( n 



5i — mAp ! 



UGC, U 9 =1, U^l 



We have 



n 



Si — u\p'- 



ueC, u i =1, n^l 

where C is a constant independent of n and hence we have 

i 



lim 



Si f n i - A 5 /„ 



0. 



Consequentelly, by a diagonal extraction, we can construct (f n )nen such that : 



lim 

■re— »+oo 



0, VpGN* 



and 



||/ n || = 1, Vn G N. 
For all peN* and for all q G N, we have 

Si / n - \p f n = C q<p (Si - \pI) f n , 

where C q # is a linear combination of translations. Then 



and 



\S, f n - f n \\ < \\C q J \\Sl f n - \p f n \\, Vn G N 



lim \\Si fn - Ap/ n || = 0. 

n— >+oo P 



On the other hand, 

\\S_zf n -\-rfn\\<\^\\\S-4 W^fn-SifJ, Vn G N 



and 



lim ||S-_i / n - \" f n \\ = 0, Vp G N*, Vg G N. 
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Since O is dense in K, we deduce that 



lim \\s t f n - \* f n \\ =0, wtem. 

n— »+oo 



Now, fix G C C °°(M + ). Notice that 



>(x)S x f n dx 
is a well-defined Bochner interval on E and 

T+fn = / 0(x) (S^) dx. 



(2.4) 



Indeed, let K be a compact subset of R+. We have T^(C%{R + )) C C|? +suppW (R + ) and the 
restriction of L<p(x)S x dx to C|?(IR + ) can be considered as a Bochner integral on C|?(1R + ) 
with values in Ck+ S upp(<i>)(M + )- ft * s clear that for x G M + , the map 

is a continuous linear form on C^?(IR + ), for every compact K . Since Bochner integrals 
commute with continuous linear forms, we obtain, for g G C£°(R + ), 



(T<j,g)(x) = (<f>*g)(x) = / </>(y)g{x - y)dy = I <p(y)(S y g)(x)dy 

' supp(<j>) 



^y)S y gj(x),\/xeR + 

and the formula (12.41) follows from the density of C^°(1R + ) in E. Then, for all n G N, we get 



(x)X x dx)f n 



(x)X x dx 



x)X x f n dx - / <p(x)S x f n dx + / <p(x)S x f n dx 



< 



< / I^HlAVn-^/JI^+II^H. 

Jm. 

Taking into account the properties of (f n ) n( zN and the dominated convergence theorem, it 
follows that 

lim / \<j>(x)\\\\ x f n -S x f n \\dx=0. 

Denote by C r the circle of radius r and denote by T> r the line 

T> r = {z G C | Imz = r}. 
We will write e ia " for the function 



x — > e 
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Since IITJI = llTlia.JI, for all a 6 1, we obtain 



/ <j>{x)\ x dx < WT4, VAgC p(5) . 
Jr 



We conclude that 

|0(«)| < ||TJ|, V0 G tf c °°(R), V« G Anp(s). 
Denote by i?* the dual space of E and denote by ||.||* the norm of E*. For A G C 1 

p(S_i) 

applying the same methods in E 1 *, we obtain that there exists a sequence (g n ) n eN C £7* such 
that 

lim IK^)*^ - A^ n ||* = 

n— ++oo 

and 

||#„||* = 1, Vn G N. 

We notice that we have 

T;=( [ (t>(x)S x dx)* = [ </>(x)(S x )*dx, V0 G C C °°(R), (2.5) 

v Jr+ ' Jr+ 

see 0. Then we obtain as above that 

|0(a)| < ||T;|| = ||TJ, V0 G C™(R), \/a G V^ p{s _ x) . 
^From the Phragmen-Lindelof theorem, it follows that 

|0(a)| < M, V0 G C C °°(M), Va G 

□ 

The proof of Theorem 1 follows from Proposition 2 and Lemma 2 exactly in the same 
way as in the proof of Theorem 1 in [5] and we omit the details. 

In the proof of Theorem 2, we need the following technical lemma. 

Lemma 3. Let e > 0, r] > and V = {£ G R + : \r] - f | < 5} C R + be fixed. Let C > be 
a fixed constant. For t > sufficiently large there exists a function f G C^ C '(]R + ) with the 
properties: 

\KtM<e/Co. (2.6) 

\ \f(CM<2V2^. (2.7) 
Jr 

l/(to)| = l. (2.8) 
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Proof. Introduce the function g with Fourier transform 



1 (t-vo) 



■1 



-itoi 

i 

where a > will be taken small enough below. We have 



9(0 = -e 2 ^ e" 
a 



\€-r)a\>S 



a 



_ s 2 1 f (x-vp) 2 e 



o Jr 2C*o 
for a > small enough. We fix a > with this property. Obviously, 



Jr Jr 



On the other hand, 



K-va) 2 



9(t) = J- / e-^e^di 
2vra J R 

J_ e i{t-t )V0 f e -» 2 /2 e i(t-t )av d ^ _ e - a2(i ~ if))2 e i(t-t ) VO 



and |#(t )| = 1. 



Now we will take to > 2 sufficiently large. Let tp G C£°(R) be a fixed function such that 
ip(t) = for t < 1/2 and for t > 2t - 1/2 and let <p(i) = 1 for 1 < t < 2t - 1, < tp < 1. 
Introduce the function f = ipg E C£°(M + ). The property (12. 8p is trivial. We will show that 
(12.61) is satisfied for to > large enough depending on the choice of a > 0. The proof of (I2.7p 
is similar and easier. 

The function F = (<p — l)g has a small Fourier transform. Moreover, given e > we can 
take to > large enough in order to have 

1(1+^(01 <o4-- (2 ' 9) 
Z7TOo 

Indeed, for £ 2 -F(£) we use an integration by parts with respect to t using the fact that 



On the support of (<p — 1) we have |t — to I > to — 1- Thus after the integration by parts in 
the integral J R e -itf (l + £ 2 )F(t)dt we are going to estimate an integral 

a2 (*-*n) 2 

e * |P(t)|dt 

[*— t Q |>to— 1 

with P a polynomial of degree not greater than 2. 
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To get (12.91) . remark that this integral is bounded by 

/l— to poo 
y 2 e~ a2 y^ 2 dy+ / y 2 e- a2y2 l 2 dy 
-OO JtQ — 1 J 

and taking t > sufficiently large we arrange (12.91) . Next we obtain 

\mm< [ mm+ f \HtM 



The proof of the lemma is complete. □ 

Proof of Theorem 2. First, we show that 



[z G C, -JLy < \z\ < p(S)} C spec(S). 



(2.10) 



Fix A ^ spec(S). Then the operator (S 1 — A/) 1 is a Wiener- Hopf operator and following 2) 
of Theorem 1, we get 

(S - \ir l (f) a = P + F-\v a (J%), Va G I E , V/ G C C °°(K + ), 
where i/ a G L°°(R). Replacing, / by (5 — XI) g, we obtain 

(g) a = P + ^- 1 (z/ a ^(((5 - A/)a) a )), \/g G C C °°(R + ). 

Denote by e a+l ' the function 

x > & a+ix 

It is easy to see that 

F((Sg) a )(t) = e a - lt F((g) a )(t), Va G J E , Vt G R,Vo G C C °°(M + ). 

Consequently, 

(g) a (t) = ^[(e™ - \)v a (g) a )](t\ Va G I B) Vt G R+ \/g G C C °°(R+). (2.11) 

We have 

||^-i[( e «-*- - AKf^lHoo < |||(e— *• - A)|^(^r a || L1(R) , Va G J E , V<? G C C °°(M + ). (2.12) 

Now, suppose that |A| = e b , for some b G Ie- Choose a small e g]0, 1[. It is easy to find an 
interval V e C M + such that 

\e b ~ u - A| < 6 , Vt G K- 

2 1 1 i-'ft 1 1 OO 

Taking into account Lemma 3, we can choose g G C^°(1R + ) satisfying the following three 
conditions: 
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2) J Ve \(g) b (t)\dt < 1 

3) There exists to £ such that \(g)b(to)\ > e. 

Taking into account that f[2~TTj) and fl2l2|) hold for g G C~(M + ),we get 

|(<7) 6 (to)|< / \e b ~ it -\\H\U(g) b (t)\dt+ [ \e b - u - \\\\v b \U(g) b (t)\dt < e. 

Jv e </R\V E 

Hence we obtain a contradiction so |A| ^ e a , Va G and (I2.10p follows. 
We will prove now that 

[z G C, -L < |^| < C spec(S'_i). (2.13) 

Let A ^ spec(S-i). Then — A/) -1 G VK(£J). Indeed, for all x G IR + , we observe that 

S- x {S-i — XI) 1 S X 
= {S-! - M)-\S^ - XI)S- x (S-t - A/)- 1 ^ 
= - Xiy^iS-t - \I){S-! - a/)- 1 ^ 

= - A/)" 1 . 
Hence, for all g G C£°(R + ) and for each a 6 /g, we have 

for some /i a G L°°(R) and 

(/)„ = P + ^- 1 (^(((S_ 1 - AJ)/)«)), V/ G C C °°(M + ). 

Then 

^(((SU - XI)f) a )(t) = (e u - a - A)(/)«(t), a.e. onI + , 

if we suppose that supp(f) C [1, oof. Repeating the argument of the proof of (I2.10p . we get 
a contradiction if |A| = e~ a , for some a G Ie- We conclude that 

{^C,-^< |*| < piS.!)} C spec(S^). 

It follows that, if z G C is such that p ^ ^ < |*| < p(S') then | G spec(S^i) and we deduce 
that 

[z G C, -ji-y < |*| < p(S)} C spec(S) n (spec(S , _i))~ 1 . 
^From the definition of the spectral radius we get immediately that 

spec(S) n (speedy' C {z G C, < |*| < p(S)} 

and the proof of Theorem 2 is complete. □ 
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Proposition 3. If <p E C~(R), then 

4>{U E ) C spec(T^). 

Proof. Fix A ^ spec(T^). Then (T^ — A/) -1 is a Wiener-Hopf operator and we obtain 
as above 

(g) a = P + F-\v a [(<f>) a - X)(g) a ), Wg £ C 6 °°(M + ), Va e I E , 
where v a £ L°°(R). Choosing a suitable (7 £ C^°(]R + ), we obtain in the same way as in the 
proof of ( 12.101) a contradiction if 

i^a(t) = A, 

for some a £ I E and some t £ R and the proposition follows imediatelly. □ 

3. WlENER-HOPF OPERATORS ON BANACH SPACES OF FUNCTIONS ON R + WITH 

VALUES IN A HlLBERT SPACE H 

Now let if be a separable Hilbert space. Denote by < u, v > the scalar product of 
u, v £ H. Let \\u\\h be the norm of u £ H . In this section we prove Theorem 3. Let E be 
the Banach space of functions from IR + into H satisfying (HI), (H2) and (H3). Let E be a 
Banach space of functions 

F :R + — ► H 

such that 

— ► ||F(ar)||ir) £ E. 

We have the following two lemmas. 

Lemma 4. The space C^°(1R + ) <S> H is dense in E. 

Proof. Let $ £ E. Then there exists a positive sequence (<t> n )n&i C C£°(K + ) such that 

lim \\<p n -\\§(.)\\ H \\ E = Q. 

n— >+oo 

For almost every x £ 1R + , set 

$ n (x)=0„(x)^ I , if$(x)^0, 
= 0, if = 0. 

We have 

ll*»-*b=ll \\®n(.) ~ ®(.)\\H \\E=Un-\m.)\\ H \\E 

and it is clear that 

lim ||$ n — $||^ = 0. 

Since C~(R+) <g> if is dense in C (K + , H), the space C C °°(1R+) <g> H is dense in £. □ 
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Lemma 5. If $ G E and u G H , then the function defined by 

R + 3 x X >G C 

is a element of E. 

Proof. Let \^Yln=i 0n«nj be a sequence in C^°(IR + ) Cg 
Vn 6 N and 



such that 4> n G 



(R+) 5 



N 



lim y^0 n w n -$ 



Let u E H. Then we have 



N 



n=l 



0. 



Now, it is clear that 
is a element of E. □ 



lim < (j) n (.)u n , u > - < $(.), w > 

N^+oo 1 1 *— • 
n=l 

N 

< lim :| I // 1 = 0. 

Af^+oo II II H 

71=1 

x >< >G C 



In the proof of Theorem 3 we will also use the following lemma. 
Lemma 6. Let G G L 2 (IR, H) and v G H. Then we have 

F(< G(.),v>)(x) =< F{G){x),v>, 

for almost every i6R. 

The reader may find the proof of Lemma 6 in j6] . Next we pass to the proof of our main 
result. 

Proof of Theorem 3. Let T G W(E). Fix u,v G H. Define T U)V on E by the formula 

(T u ,J)(x) =< T(fu)(x),v>, V/ G E, a.e. 

^From Lemma 5, it follows that T u jV is an operator from E into E. It is clear that 

S. x < T(S x fu), v >=< S- x T(S x fu), v >=< T(fu),v >, Vx G R + . 

Then we see that T U)V G W(E). Following Theorem 1, for a G Ie there exists a function 
v a ,u,v e L°°(R) such that 

(T u>v f) a = P + F- l (v a>u ,M a ), V / G C?(R + ). 
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Let B be an orthonormal basis of H and let O be the set of finite linear combinations of 
elements of B. We have 

(x)\ < C\\T UyV \\, \/x E R\N UyV , 
where N UjV is a set of measure zero. Without loss of generality, we can modify i^a,u,v on 
N = ^i( u ,v)eOx0^u,v in order to obtain 

\v a ,u,v{x)\ < C\\M UtV \\ < C||T||||u||||u||, Vu, v E 0,a.e. 

For fixed x E R\7V we observe that 

O x O 3 (u,v) — ► v a ,u,v{x) E C 

is a sesquilinear and continuous form on O x O and since O is dense in if, we conclude that 
there exists an unique map 

H x H 3 (u,v) — ► v a ,u,v{ x ) e C 

such that 

Consequently, there exists an unique map 

V a : K. — >■ £(#) 

such that 

< V a (x)[u],v >= v a ,u,v{ x )i v e H, a.e. 

It is clear that 

||V a (x)|| = sup | < V a (x)[u],v> | < C\\T\\, a.e. 

H|=1,H=1 

Fix a G I E and / G C~(R+). It is obvious that we have (f) a (x)u E H, \/x E R. Next for 
almost every x E M. + , we obtain 

^( < V a (.)[(f) a (.)u],V > )(x) = ^( < V a (.)M, « > (/£(■))(*) 

= ^ 1 (<^(.)(7Ta(.))(^) = (r„, B /)a(a;). 

Consequently, 

^- 1 (< V a (.)[(f) a (.)u],v >)(x) = (< T[/«](.),t; >)«(*), (3.1) 

for almost every x E R + . Now, consider the function \l/ a on IR + defined for almost every 
x E R + by the formula 

* a (x)=V a (x)[(f) a (x)u] 

and observe that ty a G L 2 (R + ,H). Indeed, we have 

/ \\V a (x)[(f) a (x)u]fdx 
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< / \\V a (x)\\ 2 \\(f) a (x)u\\ 2 dx 

<C 2 \\T\\ 2 [ \(f) a (x)\ 2 \\u\\ 2 dx < +oc. 
This makes possible to apply Lemma 6, and we get 

F-\< V a (.)[(f)a(.)u),v >)(x) =< F-\V a (.)[(f) a (.)u))(x),v>, 
for almost every x G M + . It follows from (13.1 1) that we have 

(T[fu}) a (x)=f-\V a (.)l(f) a (.)u])(x), 
for almost every x G M + and this yields 

(T[fu]) a eL 2 (R + ,H). 

This completes the proof of 1) and 2). The proof of 3) uses the same argument as the proof 
of the assertion 3) of Theorem 1. □ 

Proof of Theorem 4. Fix a G C and suppose that a spec(S). Then we have 
(S — al)^ 1 G W(E) and from Theorem 3, we get 

((S - aI)- 1 F) a = F-\V a (.)i(F) a (.)]), Va G I E , VF G C?(R + ) ® H. 
Replacing F by (S — aI)G, we get 

(G) a (x) = ^(V.Q-FKS - a/)G](.))(ar) = J^ 1 (V a (.)[(e a - 1 - - «)(£)»(.)]) (*). 
We have 

||(G)a||oo < l|V Q (.)[(e M - - a)(G?) a (.)]|Ui(R), Va G J E . 
Then if |a| = e a , for some a G choosing a suitable G G G^°(1R + ) <S> H in the same way as 
in the proof of Theorem 2, we obtain a contradiction. Hence, 

[z G C, -JLy < |z| < C S j9ec(S). 

In the same way, we obtain 

G C, -i— < |z| < p(5)} C (apecCS-O)- 1 . 

It follows that 

[z G C, -ji-y < \z\ < p(S)} C spec(S) n (spec(S_i)) _1 . 
Taking into account that 

spec(S) n (spe^S-O)" 1 C |z G C, -^-y < |z| < p(S)} 
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and 

||s|| < \\s\\, iis^ii < \\s_a, 

(see Section 1), we observe that 

p(S)=p(S), p(S_ 1 )=p(5_ 1 ). 

We deduce that 

spec(S) n (spec(S_i)) _1 = {2 G C, -J— y < \z\ < p(S)} 
and the proof of Theorem 4 is complete. □ 

4. Generalizations 



In this section we first deal with the Wiener-Hopf operators in a lager class of Banach 
spaces of functions on IR + with values in a separable Hilbert space. Let W be an operator- 
valued weight on M + . It means that 

W : R + — ► C(H) 

and W satisfies the property 

< sup S£±f < +DO , v, e E + . (4.1) 

X6R+ \\W{X)\\ 

This implies (see |4], [5]) that for every compact K of M + , we have 

sup || W(or) II < +00. 
xeK 

Notice that if H has a finite dimension, W is given by a matrix. We denote by L^(IR + , H) 
the space of measurable functions F on IR + with values in H such that 

\\W(x)[F(x)]\\ p H dx < +00. 

For illustration we give a simple example. 

Example. If H is the space IR 5 , the operator-valued weight W defined for x by the 
matrix 



/ 


1 


e x 


e 3x 


1 


1 


\ 




1 + X 


X 


e x 


1 


e 3x 






e x 


1 


1 


X 


x + 1 






1 


1 


e x 


e 2x 


1 




V 


X 


X 


1 + X 


e x 


2 


/ 



is such that the condition (14. ip trivially holds. 
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The space L^ V (R + , H) is equipped with the norm 



(/" \\W(x)[F(x)]\\ p H dx) 



Let T be a Wiener- Hopf operator on L P V {R + , H). We fix u, v G H . Notice that for u G H 
and / G L\ w] m+), we have /w G L P W {R + ,H). Indeed, 



Consequently, T u „ is a Wiener-Hopf operator on Ljj^n (IR + ). Therefore T u<v has a symbol 
following Theorem 1. Applying the methods exposed in Section 3, we obtain that Theorem 
3 holds also if we replace E by L P V {R + , H), for 1 < p < oo. Denote by Iw (resp. Uw) the set 
Ie (resp. Ue) for E = L^ W ^{R + ). We recall that Ie and are defined in the Introduction. 
We have the following. 

Theorem 5. Let T by a Wiener-Hopf operator on L^ V (M. + , H), for 1 < p < oo. 

1 ) We have (T$) G L 2 (M+, V$ G C C °°(M + ) ® H, Va e I w . 

2) There exists V a G L°°(R, C(H)) such that 




Introduce the operator T u>v defined on L P W ^(M. + ) by the formula 

(T UtV f)(x) =< T(fu)(x),v>, a.e., V/ G 
It is easy to see that 





||T|| p |H| p |/(x)| p |M|da; < +oo. 



(T$) a = P + ^- 1 (V a (.)[($) a ](.)), Va G V, V$ G C C °°(K 



)<8>if. 



Moreover, ess sup xgR ||V a (a;)|| < C||T 



o 



3; IfU w ± 0, se£ 



o 



V(x + ia) = V a (:r), Va G /or almost every x G K. 
We /iave sup ° ||V(z)|| < C||T|| and for u, v G H, the function 



z — >< V(z)u, v > 



o 



is analytic on Uw- 
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The results of Section 3 and Section 4 hold if we replace if by a separable Banach space 
B satisfying the following conditions: 

1) B has a countable basis. 

2) The dual space of B denoted by B* has a countable basis. 

For example these conditions are satisfied if B = where u is a weight on Z and 

1 < p < +oo. We recall that u is a weight on Z, if u is a positive sequence on Z satisfying 

< sup x < +oo, Vn G Z. 



It is easy to see that B* = ^*(Z), where g is such that ^ + ^ = 1- The weight u* is given by 
the formula 

uu*(n) = — i— , Vn G Z. 
u{— n) 

Denote by e n the sequence defined by e n (k) = if n ^ k and e n (n) = 1. Considering the 
family {e n } n£ z included in /^(Z) and in /^,*(Z), it is trivial to see that les conditions 1) and 
2) are satisfied. 

Let B be a Banach space satisfying 1) and 2). Let E by a Banach space of functions on R + 
satisfying (H1)-(H3). Denote by < , >b the duality between B and B*. Let be the space 
of functions 

F : R + — ► B 

such that ||F(.)|| B G -E. Let T be a Wiener-Hopf operator on E. Then using the operators 
T U;V defined by 

(T U:V f)(x) =< T(fu)(x),v> B , \fu eB,Vve B\ a.e. 

and the arguments of the proof of Theorem 3, we obtain an extended version of Theorem 3 in 
the case of spaces of functions on IR + with values in B. For example Theorem 3 holds for the 

Wiener-Hopf operators on spaces of the form (m. + , ^ 2 (Z) j ,forl<p<oo,l<g<oo, 

where iO\ (resp. 002) is a weight on IR + (resp. Z). The arguments developed in this paper 
do not hold if we replace /2, 2 (Z) by (M), for q 7^ 2. The existence of the symbol of a 

Wiener-Hopf operator on the family of spaces L^ Jl (m. + , L^ 2 (R) j for q 7^ 2 is an interesting 
direction of investigation. 
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